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ABSTRACT 

We propose a system of functional relations having a universal form connected 
to the Uq{Xr ) Bethe ansatz equation. Based on the analysis of it, we conjecture 
a new sum formula for the Rogers dilogarithm function in terms of the scaling 
dimensions of the Xr parafermion conformal field theory. 
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1. Introduction 

It has been noticed for some time that the Rogers dilogarithm function curiously 
emerges in the calculation of physical quantities in various integrable systems. 
Besides the outstanding result in three dimensions [1] , one finds extensive examples 
in two dimensions such as in finite size corrections to the ground state energy 
[2,3], low-temperature asymptotics of the specific heat capacity [4-8] and ultraviolet 
Casimir energies [9-13] in perturbed conformal field theories (CFTs) [14]. All these 
quantities are essentially identifiable with the central charges of the relevant CFTs 
[4,15] and have often been evaluated in terms of the Rogers dilogarithm function 
[16]. It is therefore tempting to seek a universal background for the common 
appearance of the dilogarithm in the various calculational techniques exploited in 
these works, e.g., functional relations (FRs) among row-to-row transfer matrices, 
string hypotheses, thermodynamic Bethe ansatz (TBA) [17] and so forth. 

This Letter is our first step toward understanding the interrelation among 
these approaches. We shall propose a FR having a universal form related to the 
Uq{Xr ) Bethe ansatz equation [18]. It may be viewed as a "spectral parameter" 
dependent version of the recursion relation among the "Yangian characters" [19] 
whose combinations appear in the arguments of the dilogarithm [7,8,20]. When 
q = exp{j^), we especially consider a restricted version of the FR which closes 
among finitely many unknown functions. Here £ is a positive integer and g is the 
dual Coxeter number. The restricted FR originates in the equilibrium condition 
on the ratio of the string and hole densities in the thermodynamic analysis of the 
Uq{Xr ) Bethe equation in [7,8]. On the other hand, the special case Xr = A\ ' 
of the FR possesses essentially the same form as that for certain combinations of 
the actual transfer matrices [3,6] in the restricted solid-on-solid (RSOS) models 
[21]. Although the full content of the FR is yet under investigation, our heuristic 
analysis extending the Al case [3] leads to a new conjecture that connects an 
analytically continued Rogers dilogarithm function and the scaling dimensions in 
parafermion CFTs [22] . It is basically labeled by a triad {Xr , ^, A) where A is the 
classical part of a level i dominant integral weight of Xr . The earlier conjecture 
[20] (see also [8]) involving the central charges concerns the special case {Xr , ^, 0) 
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in our new one. We expect further extensions should be possible related to various 
coset CFTs by using our FR. The common structure of the FRs between the RSOS 
transfer matrices and the TBA has also been observed in [3,23] for Xr — Ai . 

2. Uq{Xr ) functional relation 

Let Xr denote one of the rank r non-twisted afhne Lie algebras [24] Ai- {r > 
l),Bi'\r > 2),d'\r > l),Di'\r > 3), E^'\ £;J'\ 4'^ ^f ^ and G^'^ andt/,(X^'^) 
be the g— deformation of its universal enveloping algebra [25]. Let «„, A^ (1 < a < 
r) be the simple roots and the fundamental weights of the classical part Xr, respec- 
tively. We set p = ELi ^a, Q = ELi Z«a, P = Ea=i ZAa, Pi = {A e P\0 < 
(A|maximal root) < £}, io* = Ea=i ^Aa and Sj^ = ELi ^-^a- Introduce the 
bilinear form ( | ) on i^* in a standard way and normalize the roots as | long root 
P = 2. Fix an integer £ > 1 and put £„ = ta^, G = {(a, m)|l<a<r, l<m< 
ia — 1} throughout. The following notation will be used in the sequel (1 < a, 6 < r) 

o 

tab = max(ta,tb), (la) 



[aa\aa) 

^^.' = U(min(J^,^)--^) for(a,m),(6,fc)GG, (lb) 

R ^f> n n 2(a„|ab) 

-Da& — <-^a&, '^ah — -, j T", J-ab — ^Oab — ^ab- [^C) 

Here Cab and Bab = Bba are the Cartan and the symmetrized Cartan matrix, 
respectively. The nodes in the Dynkin diagrams are numerated according to [24]. 
Let Ym (u), l<a<r, m>lbe functions of a complex parameter u obeying 

Yi^\u + -)Yi^\u - -) = lU=ilU=i^fc ^2a) 



k-l k-l-\j 

n n 

j=-k+l n=0 



n n {^ + Yll/,^+,{u + ^{k-l-\J\-2n)/t,)), (2b) 



for l<a<r, m>l, where by convention Yq (u) ^ = and Ym (u) = if m ^ 
Z. We call (2) the (unrestricted) Uq{X^^^) functional relation. If Y^^f (u)'^ = 
is further imposed, the denominator of (2a) becomes Y[i=i (1 + Yj {u)~^)^^"^ 
with / being the matrix / of (Ic) for Xr = Ag^-i. In this case, (2) closes among 



{Ym {u)\{a,m) E G} and will be referred as the restricted Uq{Xr ) functional 

relation. The next section will concern this situation (see (6) and (15)). Several 

remarks are in order: 

(i) The restricted FR (2) is closely related to the Uq{Xr ) Bethe equation [18] 

and its thermodynamic treatment using the string hypothesis in [8]. Under the 

identification Yrh {u) = exp(— /3em (w)), it actually corresponds to the thermal 

equilibrium condition (2.22) of [8] in the high temperature limit. 

(ii) In the simply laced cases Xr = Ar, Dr and -Eej.s, the restricted FR (2) takes 

a simple form 

11^=1(1 + ^J («) ^J^'" 

where / denotes the / for A^_i. 

(iii) Besides the trivial 1=1 case, (3) essentially coincides with the FR in [13,26] 

for £ = 2 and the FR in [3,6] for X^ = Ai with £ general. The former appeared 

in the TBA approach to factorized scattering theories whilst the latter is known 

to hold [3,6] for certain combinations of the actual transfer matrices in the RSOS 

models [21]. In these cases, the FRs have been successfully used to determine the 

central charges by combining them with the data from actual physical systems such 

as "bulk behavior" [3], "mass term" [9,13], etc. 

(iv) The FR (2) for Ym {u)^s can be viewed as a generalization of the recursion 

relation among the quantity Qm in [19]. To see this, recall the definitions 

Ql?i^ =^^i(^^^^^)Xco{a,m,n)^ n = (?li, . . . , 71^) G Z|o, (4a) 

n 

w(a,m,n) = mAa -^nbttb, ^(a, m, n) = ^ JJ JJ ( ^ ^^^ ^ ) , (4b) 

6=1 ly 6=1 fc=l ^ ^k ' 

r 

Vfiy) = min(m, k)6ab - 2 J]min(fc, j>f ^ - J^ J^ max(A;a,, jC^Jz/f \(4c) 

j>l c=l j>l 

for 1 < a < r, m > 0. Here the symbol ( ) in (4b) is the binomial coefficient and 
the sum extends over all possible decompositions {z/^ \ nt = XlfcLi ^^k ^ ^k ^ 
Z>o, 1 < 6 < r, /c > 1} such that Pf V) > for 1 < 6 < r, /c > 1. The quantity Xu; 



in (4a) is the character of the irreducible X^ module V^^ with highest weight cu, i.e., 
Xuj = Xto{z) = TfvL, 6xp(— ;|^(z + p)), where we have exhibited the dependence 
on its argument z E S)*. We shall simply write Qm to mean the corresponding 
Qm (z). Then the following recursion relation is known among the Qm s [19], 



Ql:^' = Qt\Qtl. + Qt^' n n Qt^~"''^ for 1 < a < r, m > 0, (5a) 

b=l fc=0 

, , tb—ta 

'^Jab = Bab{j-St^n,tak + -7- ^ j {dt^(n+l)-t^j,tak + Su{n-l)+t^j,tak)) , (5b) 
^a ^b 



i=i 
for 1 < a, 6 < r, n,k > 0, 



(«) _ n /n(") _ 1 Tv. /'c;k^ +v.^ c.„w. s:^tb-ta 



with the initial condition (5_j^ = 0, Qq = 1. In (5b), the sum XliLi '^ is zero 



unless tb > ta and J^^^ is a natural extension of the j^l^{0) defined in [8] for the 
range < n < £„, < /c < £&• Now consider the limit w -^ oo in (2). From (5) the 
resulting algebraic equation admits a constant solution 



Qrn ll6=l 11a;=0 ^fc 



h a 



yW(oo) = ^- 116=1 ifc=o^fc , (6) 

Vm+l^m-l 



which implies that (2) is a "w— version" of (5). 



3. Dilogarithm conjecture 

Here we formulate our dilogarithm conjecture firstly then discuss its physical back- 
gorund in the light of the FR (2). Let logx signify the logarithm in the branch 
— TT < Im(loga:) < tt for x ^ 0. Consider a contour on a complex x— plane 
C = C[f\M,N], {f eC, M,N eZ) from to / which intersects the branch cut of 
logx for M times and that of log(l — x) for A^ times in total. Here the intersection 
number is counted as +1 when C goes across the cut of logx (resp. log(l — x)) 
from the upper (resp. lower) half plane to the lower (resp. upper) and as —1 if 
opposite. Let Logg(/) denote the analytic continuation of log/ along the contour 
C, namely, 

Logc(/) = log/ + 2iTiM, Logc(l - /) = log(l - /) + 27viN. (7) 

Define the multivalued and single- valued Rogers dilogarithms Lc{f) and L{f) by 



2 Jc„\ X 1-x 

where Cq is a contour which does not go across the branch cuts of logx and log(l — 
x). It follows from the definitions that 

\-\ + flog{l-f) + L{j^) if/GR<o, ^ ' 

Lcif) = L{f) + niM log{l - f) - niNlogf + 2n'^MN. (9b) 

We shall call an element z E io* regular if it satisfies Qm (z) ^ for all 
l<a<r, I < m < £a and singular otherwise. Suppose z is regular and put 

/(:)(.) = i-5^^^iM5|hiM (a,Hea (10) 

Then ft\z) ^ 0, 1, oo for V(a, m) G G. Given a set of integers S = {Mt\ N^^ e 
Z|(a,m) G G}, let Ca,m = C[fm' {z)\Mm\ Nm'] be the contour as specified above. 
Motivated by the study of the FR (2) which will be discussed later, we define 

^c{z,S)= J2 (^c_(/i"n^))-yI^c_WLogc_(l-/i")(^)))(lla) 

(a,m)EG 

7rzI^c_(^) = Logc_(/i-)(^))- Y. Aa'Bai,Logc^Jl-fi'\z)). (lib) 

{b,k)eG 



By applying (7), (9b) and (lib) to (11a), one can split c{zjS) into 5— dependent 
and independent parts as 

c{z,S)=co{z)-24T{z,S), (12a) 

^co{z)= J2 (^(/i"H^))-y^L"H^)iog(i-/i")(^))), (12b) 

{a,m)eG 

mdi^\z) = log f^Hz)- Yl AT.'B^aogil-fi'Hz)), (12c) 

(b,k)eG 

(a,m)GG {a,m)EG 

{b,k)eG 

Next we introduce an element \{z) E S)* by 

^(^) = ^EEc'„,(^jiog(i-/f(z))+4(iogQ5^Li(^)-iogQ(;;)(z)))A„. 

a=l b=l J = l 

(13) 
From now on, we will mainly concern with the specialization z = A & Pg, which is 
relevant to our restricted FR (2) (see (6) and (15) below). 

Conjecture. Let z G 9)* be regular and put 

^o(^) = ^^^ - r - 24(AI(,) + Ar(.)), (14a) 

. ^ (z\z + 2p) Iwp „ .^ /-, ,T X 

^'^-Wrf-^ for!,..ei5'. (14b) 

Suppose h. E Pi. Then A/'(A) G Z if A is regular. In case A is singular, Af{z) 
converges to Gnitely many integers depending on the ways z E Sj^ approaches A. 

This conjecture has been supported by numerical experiments for Xr = Ar,Br, 
Cr and Dr with small values of the level £ and rank r. It is not difficult to 
prove MiyZ) G R for any regular z G iOj^. Because of the discontinuity of the 
log function, co{z), \{z) and therefore ^[{z) assume finitely many values when 
z approaches a singular A. Hereafter we shall arbitrarily fix one way of letting 
z ^ K{z : regular, z G i^R.) and all the formulas involving A E Pg should be 
understood as defined by this limit whenever A is singular. From numerical tests, 
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Qt\K) = Qj"^(A)gJ^L^(A)* seems valid for any -1 < m < £„ + 1 and A G Pe, 
where * denotes complex conjugation. Note in particular that it implies 

Q[%^iA) = 0. (15) 

Assuming this and (A. 10, 11) in [8], one can show that A(A) is finite and satisfies 

A = A(A) mod Q, (16a) 

T(A,5) = -^|A(A) + P{S)\' + y/H^)\' + i^t^ge^' (16b) 

'^('^) = E E ^^i"^«« e Q, (16c) 

a=l m=l 

where the integer part is dependent on A and S. Combining (16b) with (12a) and 
admitting the conjecture, we have 



idimXr o /I (' A A 

7+7 



c(A, S) = ^r—^ - ^ - 24(A^(A)+/3(5) + integer) for any A G Pi. (17) 



The RHS of (17) with the congruence properties (16a,c) is well known as the central 
charge — 24(scaling dimension mod Z) of the level i,Xr parafermion CFT [22]. 
As the integer set S is chosen variously, I3{S) (16c) ranges over the root lattice 
Q. Thus all the spectra in the parafermion CFTs seem to come out from the 
Rogers dilogarithm function through the quantity c(A,iS) (11a). This is our main 
observation in this Letter. We note that in the case A = G Pi, A(0) = holds 
and the earlier conjecture in [20,8] corresponds to A/'(0) = 0. 

There are actually two sources for considering the quantity c(A, 5) (11a) in 
connection to the parafermion CFTs, which we shall now explain. The physical 
meaning of the integer set S is yet to be clarified in the light of these connections. 
The first source is to calculate finite-size corrections to the ground state energies 
for Xr fusion RSOS models. In [3] Kliimper and Pearce evaluated them for 
Xr = A\ via the Rogers dilogarithm and showed that the resulting exponents 
in regime I/II become the parafermion values in agreement with the earlier result 
in [21]. They started from the FR essentially identical to the restricted Uq{A\ ) 
FR (2), where Ym {u) indeed is the finite-size correction part of the row-to-row 
transfer matrices. Such an interpretation is not known so far for the Uq{Xr ) FR 



(2) in general. However we have found that the c(A, S) naturaUy arises as the "c for 
excitations" in their sense through a heuristic calculation extending the A\ ' case. 
Although the treatment in [3] is not necessarily identical to our formulation here, 
the regime I/II result therein effectively confirms our conjecture for the simplest 
case Xr = Ai . We shall emphasize that for higher rank algebras, the present 
c(A, S) only corresponds to "regime I/II-like region" with a special "fusion type 
Vsa > 1" in the sense of section 4.2 in [8]. Thus we expect further generalizations 
should be possible related to various coset CFTs. See for example the regime III/IV 
result in [3] for A\ . 

The second source is to study integrable perturbations [14] of parafermion 
CFTs. In [9-13], ultraviolet Casimir energies in various perturbed CFTs have been 
obtained by using integral equations of the form 

/oo 
rft;^2(«-^) log(l + exp(-ef (z;))), (18) 

for (a, m) E G, which originates in the TBA. Here m'^ denotes mass, e^" (u) 
is the energy of the physical excitation with rapidity u, \l/;^^(w) is some kernel 
and R is the system size corresponding to the inverse temperature in the TBA. 
In addition, there are some observations that (18) also yields low- lying excitation 
energies by introducing "imaginary chemical potentials" [23,27,28]. Our c{A,S) 
stems from a modification of (18) so as to match the logarithm of (2) under the 
identification 1"- (-u) = e~^j ^'^' up to the LHS which is tending to zero in the 
ultraviolet (or high temperature) limit. In particular, we choose Vm^" > as 
J— independent, add the imaginary term 7riDc^j{A) (lib) on the RHS and take 
^abi'^) ^o ^^ ^^^ universal kernel occurring in the Uq{Xr ) Bethe equations, i.e., 
2n^'^l{u) = J dxe'^^{5abSjk - Mabi7rx/2)A^^^il{7vx/2)) using (2.10) of [8]. Then 
an analogous calculation to [11] amounts to considering the c(A, 5) as the "c for 
excitations" . 

These observations have led to the quantity c(A, S) which has been conjec- 
tured to possess the remarkable property (17). Our Uq{Xr ) FR (2) lies as their 
common background. It is to be analyzed further to actually yield the physical 
consequences in the Uq{Xr ) Bethe ansatz systems. The details omitted here will 



appear elsewhere. 
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